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a  b  s  t  r  a  c  t

The  unbalanced  electric  networks  analysis  has  upgraded  from  the  sequence  components  frame  models
to the  phase-coordinates  frame  models.  The  electric  power  distribution  systems  for  industrial  plants,
commercial  buildings  or  residential  costumers  can  contain  several  network  unbalances  that  can  be easily
represented  by phase-coordinates  models.  The  phase-coordinates  models  can  be used  for  the  analysis
of  distribution  systems  at fundamental  frequency  as well  as  for  other  frequencies  and  are  well  suited
for  the harmonic  analysis  of  unbalanced  networks.  The  formulation  of  the  frequency  scan  method  in
a phase-coordinates  frame,  besides  allowing  for  a more  accurate  modeling  of  unbalanced  networks,
allows  the  specification  of  harmonic  injections  of  any  type:  single-phase  or three-phase  of  the desired
sequence.  Therefore,  it is  possible  to  study  the  effect  of  the  non-linear  loads  according  to  its  features  and
connection  to  the  circuit.  This  paper  develops  the  phase-coordinates  model  of  an  unbalanced  distribution

power  system,  considering  the  representation  of  three-phase  transformer  banks  of  three  or  two  single-
phase  transformers,  as  well  as other  asymmetries  that  can be found  in the electrical  systems  of industrial
plants,  commercial  or  service  facilities.  The  present  model  improves  the  representation  of  the single-
phase  transformer  with  mid-tap  on  the secondary  side.  The  frequency  scan  based  on  the  present  model
is  tested  with  a  simple  example  of a four-wire  delta  system  that  highlights  the  possibilities  of  the  model
in  phase-coordinates.
. Introduction

The unbalanced electric networks analysis has upgraded from
he sequence components frame models to the phase-coordinates
rame models [1,2].

The electric power distribution systems for industrial plants,
ommercial buildings or residential costumers can contain several
etwork unbalances that can be easily represented by phase-
oordinates models. That is:

a) Use of three-phase asymmetrical transformers banks with dif-
ferent single-phase transformers as well as the use of open

three-phase transformers banks.

b) Use of four-wire, three-wire or two-wire three-phase or single-
phase feeders.
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(c) Use of single-phase (linear and non-linear) loads connected
between two phases or between phase and neutral.

The phase-coordinates models can be used for the analysis of
distribution systems at fundamental frequency as well as for other
frequencies and are well suited for the harmonic analysis of unbal-
anced networks.

Among the harmonic analysis techniques, the frequency scan
method has a special place for its use in the detection of possi-
ble resonances on the network, which makes it a very used tool to
design harmonic filters [3,4]. The formulation of the frequency scan
method in a phase-coordinates frame, besides allowing for a more
accurate modeling of unbalanced networks, allows the specifica-
tion of harmonic injections of any type: single-phase or three-phase
of the desired sequence. Therefore, it is possible to study the effect
of the non-linear loads according to its features and connection to
the circuit.

Different authors have shown the three-phase power systems

modeling on a phase-coordinates frame [1–3,5,6]. On the other
hand, the presence of significant asymmetries in the network as
the use of three-phase transformers banks of two  or three differ-
ent single-phase transformers requires the use of models like the
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resented by Chen [7–9]. Although these models are very effective
or the three-phase transformer banks representation, the model
or the single-phase transformer with mid  tap on the secondary side
onsiders the entire transformer series impedance divided on both
econdary sections which produces an incorrect result for current
njection in only one of the secondary sections.

Several papers treat the use of a frequency scan in a phase-
oordinates frame to study Y or delta connected three-phase
ystems [3,10–12]. However, the commonly used four-wire delta
onnected systems are not fully treated in literature.

This paper develops the phase-coordinates model of an unbal-
nced distribution power system, considering the representation
f three-phase transformer banks of three or two different single-
hase transformers, as well as other asymmetries that can be found

n the electrical systems of industrial plants, commercial or service
acilities.

The frequency scan based on the presented model is tested with
 simple example of a four-wire delta system that highlights the
ossibilities of the model in phase-coordinates.

. Frequency scan

The frequency scan method is the simpler and commonly
mployed technique for the harmonic analysis and needs the min-
mum data of the system [3,4]. In essence the frequency scan
etermines how the impedance of the network seen from a certain
us varies with the frequency.

Typically a 1 pu current is injected in a bus k and the voltage that
ppears in the bus k is calculated. This procedure is repeated for a
ertain frequency range that is explored.

The voltages calculation is based on the matrix expression:

(f ) = Z(f ) · I(f ) (1)

here V(f), Z(f) and I(f), are the voltages vector, the bus impedance
atrix and the currents injections vector for each frequency f.
In a typical study only the kth element of vector I(f) has 1 pu

alue, while the other elements are zero. In this way, the resulting
(f) vector corresponds to the kth column of the bus impedance
atrix for this frequency.

(f ) = Z(f )

⎡
⎢⎢⎢⎢⎣

1

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Z(f )
1,k

...

Z(f )
k,k

...

Z(f )
n,k

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2)

The V (f )
k

element is the voltage at the kth bus for the 1 pu current
njected in this bus at frequency f. In other words, it corresponds to
he Thevenin’s equivalent impedance of bus k, Z(f )

k,k
.

Each V (f )
m with m /= k, represents the voltage of frequency f at

he bus m. That is, it corresponds with the transference impedance
(f )
m,k

.
Once the procedure is concluded, the impedance vs. frequency

haracteristics of the Thevenin’s and the transference impedances
re found.

This type of study is the most effective tool to detect resonances
n the system and has been widely used for harmonic filters design.
The network bus impedance matrix for each frequency is deter-
ined as the inverse of the bus admittance matrix Y(f) that is built

rom established models for the different elements of the electrical
ystem [3,4].
s Research 93 (2012) 113– 119

Using the positive, negative and zero sequence models of the
system’s elements the bus impedance characteristics against fre-
quency for injections of different sequences can be found.

However, some types of electrical distribution networks of
industrial, commercial or service facilities are so unbalanced that
a more effective modeling can be achieved by using phase-
coordinates models.

2.1. The phase-coordinates frame

In essence, the phase-coordinates modeling is able to determine
the voltage at all the nodes with respect to a reference node, which
is usually the ground, but in the case of a not grounded system, or
an asymmetric network as the four wire delta system is a fictitious
reference node.

In the phase-coordinates model, each bus of the network is rep-
resented by several nodes that correspond to the bus’s terminals.

The frequency scan on the phase-coordinates frame, unlike its
variant on the sequence components frame, cannot inject current
into a single node (terminal) of the multiphase network, provided
that it should be specified the set of nodes in which the currents
injections are produced.

This apparent shortcoming is an advantage of this method, since
it allows specifying injections of any type: single-phase or three-
phase of the desired sequence. Therefore, it is possible to study the
effect of non-linear loads harmonics according to their character-
istics and their connection to the circuit.

Now, V(f), Z(f) and I(f) are the nodes voltages vector, the nodal
impedance matrix and the currents injections vector for the nodes.
The determination of the node voltages is performed as follows:

A single-phase injection between the nodes k1 and k2 of the bus
k is represented by a current of +1 pu at k1 node and of −1 pu at k2
node, that is:

V (f ) = Z(f )

⎡
⎢⎢⎢⎢⎣

1

−1

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎣

Z(f )
1,k1

...

Z(f )
n,k1

⎤
⎥⎥⎦ −

⎡
⎢⎢⎣

Z(f )
1,k2

...

Z(f )
n,k2

⎤
⎥⎥⎦ (3)

On the other hand, a three-phase positive sequence current
injection at the k bus: nodes k1, k2 and k3 is calculated by:

V (f ) = Z(f )

⎡
⎢⎢⎢⎣

1

e−j2�/3

e+j2�/3

⎤
⎥⎥⎥⎦ =

⎡
⎢⎣

Z(f )
1,k1

.

.

.

Z(f )
n,k1

⎤
⎥⎦ +

⎡
⎢⎣

Z(f )
1,k2

.

.

.

Z(f )
n,k2

⎤
⎥⎦ e−j2�/3 +

⎡
⎢⎣

Z(f )
1,k3

.

.

.

Z(f )
n,k3

⎤
⎥⎦ e+j2�/3 (4)

As shown, any type of injection: single-phase or three-phase
can be represented in this type of network modeling, which gives
it great versatility for the frequency scan.

Having obtained the nodes voltages with respect to the refer-
ence node, it can be determined the node–node (phase–phase)
voltages through the difference between the calculated nodes volt-
ages.

3. Implementation

To implement the frequency scan procedure in a phase-
coordinates frame, a model that can represent the network with
a considerable degree of detail has been considered. As it is shown

in Fig. 1, each bus’s terminals can be: the phases (A, B, C), the central
tap between two phases (AB, BC,  CA)  for a four-wire delta connected
system, or the floating neutral N and the ground for a Y connected
system.
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five terminals (Fig. 3), where the nodes 2 and 4 are phase terminals,
and the node 5 is the central-tap (grounded neutral of the four-wire
delta connected system).
Fig. 1. Phase’s representation for a four wire delta or a four wire Y systems.

All the nodes declared in the nodes list are permanent and never
emoved, unlike the floating neutrals (created when Y connected
lements are declared) which are eliminated by matrix algebra.

The basis for the method lies on the formation of the network
odal admittance matrix for each frequency, which comprises the
dding of the nodal admittance sub matrices of different elements
uch as transformers, feeders, machines, capacitor banks, harmonic
lters, etc.

.1. Transformers

The model of three-phase transformers and three-phase trans-
ormer banks is one of the most complicated parts of the network

odel, due to the diversity of their connections and configu-
ations. Chen [7–9] has shown a simple network overlapping
echnique for the representation of three-phase four-wire distri-
ution transformers with mid  tap on the secondary side. The nodal
dmittance matrix of the three-phase bank is formed by adding
ach single-phase transformer’s nodal admittance matrix. A three-
hase transformer model can be obtained by considering it a bank
f three equal single-phase transformers.

However, the Chen’s model for the single-phase transformer
ith mid  tap on the secondary side considers the entire trans-

ormer series impedance divided on both secondary sections and
ero impedance in the primary winding, which differ with tradi-
ional equivalent circuits for transformer representation. Due the
bsence of impedance in the primary winding, the load in a sin-
le secondary section does not produce any voltage drop on the
rimary winding.

In the single-phase transformer with four terminals (Fig. 2), the
elation between the impedance of both windings is irrelevant.

If h is introduced as the ratio of the frequency f to the nominal
requency, the series impedance of the transformer to frequency f
s:

 = Zp + Zs = (Rp + Rs)  + jh(Xp + Xs)  = R + jhX (5)

In the calculation of Z can be considered the skin effect adding
 resistance of value 80X  in parallel to the series impedance [3,4].

If y is the series admittance of the transformer at the frequency
:

 = 1
Z

(6)
Fig. 2. Single-phase transformer with four terminals.

And given that  ̨ and  ̌ represents the positions of primary and
secondary taps, the nodal admittance matrix of the four terminals
single-phase transformer is:

Y =

⎡
⎢⎢⎢⎢⎣

y11 −y11 −y12 y12

−y11 y11 y12 −y12

−y12 y12 y22 −y22

y12 −y12 −y22 y22

⎤
⎥⎥⎥⎥⎦ (7)

where

y11 = y

˛2
, y12 = y

˛ˇ
, y22 = y

ˇ2
(8)

It should be clarified that in the case where the primary or sec-
ondary winding is phase–phase connected (delta connection), the
corresponding tap  ̨ or  ̌ is multiplied by

√
3.

Nodes 1 and 3 are always a phase terminal, while nodes 2 and 4
may  be a second phase (delta connection) or neutral (Y connection).
When a neutral is directly connected to the reference node, the
corresponding row and column of the matrix is removed.

A single-phase transformer with center tap in its secondary has
Fig. 3. Single-phase transformer with five terminals.
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Table  1
Half-winding impedance.

Windings type Z′

f
t

Z

a

Y

m

m
d

i
w
m
b

m

b
m
O
r
b

f
t
m

3

m
i

t
c

Z

Z

d
a
G

Interlaced 1.50R + j1.2X
Non-interlaced 1.75R + j2.5X

In this case, the series full-winding impedance of the trans-
ormer is the impedance seen from the primary winding with the
wo secondaries short circuited.

 = Zp + Zs

2
= Rp + Rs

2
+ jh

(
Xp + Xs

2

)
= R + jhX (9)

Again, the series admittance y is the inverse of Z, but the nodal
dmittance matrix differs considerably from the previous case.

 =

⎡
⎢⎢⎢⎢⎢⎣

y11 −y11 −y12 y12 0

−y11 y11 y12 −y12 0

y12 y12 2(m + 1)y22 2my22 −2(2m + 1)y22

−y12 −y12 2my22 2(m + 1)y22 −2(2m + 1)y22

0 0 −2(2m + 1)y22 −2(2m + 1)y22 4(2m + 1)y22

⎤
⎥⎥⎥⎥⎥⎦ (10)

The parameter m is the impedance ratio between Zp and Zs.

 = Zp

Zs
(11)

Taken (m = 0), the present model (10) equals the published
odel [7–9] but in practice m is always different from zero and

epends on the windings construction.
To determine the proper value for m, both, the full-winding

mpedance Z and the half-winding impedance Z′ must be used. Full-
inding impedance is known, but half-winding impedance must be
easured by short-circuiting a single section of the secondary or

y means of following expressions [13] (Table 1):
Once Z′ is obtained, m can be calculated by:

 = 2Z − Z ′

2Z ′ − 2Z
(12)

The nodal admittance matrix of the three-phase transformers
ank is formed by the superposition of the nodal admittance sub
atrices of each single-phase transformer of the three-phase bank.
nce the nodal admittance matrix of the bank is obtained, the nodes

epresenting the neutrals in Y connected systems can be eliminated
y matrix algebra, since the current is zero.

In the phase coordinates model, the transformer phase shifts
rom primary to secondary windings for any transformer connec-
ion are determined naturally and do not have to be specified as it

ust be taken into account in the sequence components models.

.2. Feeders

Representation of feeders is made by the nominal-� circuit for
edium-length lines and using the formulation commonly used for

t [3].
The self impedance Zaa of a conductor with ground return and

he mutual impedance Zab between the conductors a and b, are
alculated by [13]:

aa = Ra + Re + jh · 0.17361 log
De

GMRa
(�/km)  (13)

ab = Re + jh · 0.17361 log
De

GMDab
(�/km)  (14)
Re and De are the resistance and the depth of the Carson’s con-
uctor, both a frequency dependant parameters, while Ra and GMRa

re the resistance and the geometric mean radio of the a conductor.
MDab is the geometric mean distance between the conductors a
s Research 93 (2012) 113– 119

and b. There exist expressions to consider the increase of Ra by the
skin effect [3,4].

After the conductor’s series impedances at the desired frequency
have been calculated, the series impedance matrix of the line
(cable) is formed depending on the number of conductors (phases)
it may  have.

For instance, the series impedance of a three-phase line with
neutral is represented by:

Zl =

⎡
⎢⎢⎢⎢⎣

Zaa Zab Zac Zan

Zba Zbb Zbc Zbn

Zca Zcb Zcc Zcn

Zna Znb Znc Znn

⎤
⎥⎥⎥⎥⎦ (15)

If the neutral conductor link previously eliminated nodes, the
voltage drop in this conductor is added to the phase’s nodes for
obtaining the voltages respect to neutral. It is done by eliminating
the corresponding row and column by matrix algebra.

Regarding the capacitive susceptance of cables, the tabulated
values [14] for different cable types, depending on their voltage
and size are used.

Following this procedure, the nodal admittance matrix of the
feeder is described for:

Y =
[

1
2 Yc + Zl−1 −Zl−1

−Zl−1 1
2 Yc + Zl−1

]
(16)

where Yc is the feeder’s capacitive susceptance matrix.

3.3. Rotating machines

In the synchronous and induction machines, the rotating
magnetic field created by the stator harmonics, rotates at a
speed significantly higher than the rotor’s, therefore causing the
impedance at harmonic frequencies to approach the negative
sequence impedance of the machine [3,4].

For synchronous machines, the negative sequence reactance X2
for the desired frequency is used:

Z = 1
y

= R
√

h + jhX2 (17)

On the other hand, the induction machines are represented by
its equivalent circuit at blocked rotor, which is calculated for the
desired frequency.

In both cases, the resistance dependence with the frequency can
be significant due to the skin effect and the increase of losses by
eddy currents [3,4].

Once the series admittance of the machine y is obtained, the
nodal admittance matrix of a delta connected machine is:

Y = 1
3

⎡
⎣ 2y −y −y

−y 2y −y

−y −y 2y

⎤
⎦ (18)

3.4. Passive loads

Linear passive loads have a significant effect on the system fre-
quency response, mainly in the vicinity of the resonance conditions.
The more generally used models for linear loads representation
[3,4] are the shunt and series model.

The shunt model represents the load by a resistance in parallel
to a reactance.
R = (V2/P)
0.1h + 0.9

, X = (V2/Q )
0.1h + 0.9

h (19)

where P and Q are the active and the reactive power of the load.
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Table  2
Nodes data.

Bus Phases Neutral Voltage (V)

N1 A B Ground 13,800
N2 A B C AB 240
N3 A  B C AB 240

Z

p
e
b
a

Y

3

t
p
s

4

i
i

s
h

T

s
r

p
r

n

f

T
T

T
F

N4  A B C AB 240
N5 A  B C AB 240

The series model uses series impedance for modeling the load.

 = V2

P2 + Q 2
(P

√
h + jQh) (20)

For the developed application, the passive loads can be single-
hase or three-phase loads, which are represented by a set of three
qual single-phase loads. Then, each single-phase load is connected
etween a pair of nodes and is represented by the following nodal
dmittance matrix:

 =
[

y −y

−y y

]
(21)

.5. Other elements

Other passive elements such as capacitor banks, harmonic fil-
ers, etc. can be represented by arrays of impedances between
hase and phase or between phase and neutral, giving the pos-
ibility to study the effect of asymmetry in these elements

. Example

The presented phase-coordinates model has been implemented
n a Matlab application capable of solve several power system stud-
es such as the frequency scan.

As a test example, a small four-wire delta system 120/240 V,
upplied by a three-phase open-Y  open-delta transformers bank
as been employed.

The list of buses and phases available in each one is offered in
able 2.

The three-phase transformers bank (Table 3) is feed by a 13.8 kV
ystem with 100 MVA  of three-phase short circuit capacity with a
atio X/R = 10.

The feeder’s data are shown by Table 4.
Except for the three-phase load at bus N2, the rest are single-

hase loads connected according to Table 5. All linear loads are
epresented by the series model for the frequency dependence.
A three-phase delta connected capacitor bank of 25 kvar is con-
ected at bus N2.

The frequency scan is conducted from the fundamental 60 Hz
requency to 1260 Hz (harmonic 21) with increments of 1 Hz.

able 3
ransformers bank data.

Transformer Primary Secondary 

Bus Phases Bus 

Lighting-leg N1 A Ground N2 

Power-leg N1 B Ground N2 

able 4
eeders data.

Feeder Bus 1 Bus 2 Phases 

1 N2 N3 A B 

2 N3  N4 A B 

3  N4 N5 A B 
Fig. 4. Voltage in the first secondary section by a single-phase injection in the second
secondary section.

To explore the incidence of the parameter m in the transformer
model, three models were used to represent the lighting-leg trans-
former: model 1 (m = 0), model 2 (interlaced windings), model 3
(non-interlaced windings).

The voltage results on the both secondary sections of the
lighting-leg transformer for a 1 pu harmonics injection in their sec-
ond secondary section (terminals AB–B of the bus N2) are presented
in Figs. 4 and 5.

As can be seen in Figs. 4 and 5, the selection of the transformer
model has a significant effect on the frequency scan results for the
voltage at both sections of the secondary winding.

On the other hand, Figs. 6 and 7 shown that a harmonics injection
on the full secondary winding produces the same effect in both
secondary sections for the three models. That is, the differences
between the three models only occur when the harmonics injection
is produced in only one of the secondary sections.

Considering a transformer with interlaced windings, the effect
of a harmonics injection of 1 pu between phases A and B of bus N2
(full secondary winding) produces the results shown by Fig. 8.

It is interesting to highlight the different behavior with the fre-
quency of the voltages between phases at bus N2, which is due to
structural asymmetries in the network. The voltages Vbc and Vca

have a more pronounced peak at the harmonic 5th than the volt-
age Vab, while the three voltages have a very different peaks at the

harmonic 12th.

If the 25 kvar three-phase capacitor bank at N2 is substituted
by a 25 kvar single-phase capacitor between phases A and B, a
very different behavior is presented for the phase–phase voltages

kVA R (%) X (%)

Phases

A B AB 50 1.0 3.0
B C 15 1.0 3.0

Size AWG  Length (m)

C AB 1/0 25
C AB 1/0 25
C AB 1/0 25
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Fig. 5. Voltage in the second secondary section by a single-phase injection in the
second secondary section.

Fig. 6. Voltage in the first secondary section by a single-phase injection in the full
secondary winding.

Fig. 7. Voltage in the second secondary section by a single-phase injection in the
full secondary winding.

Fig. 8. Voltages at bus N2 for harmonics injection between phases A and B (three-
phase capacitor bank connected).

Table 5
Linear load data.

Load Bus Phases kW kvar

1 N2 3-phase 15.0 12.5
2  N3 A AB 5.0 2.5
3  N3 AB B 5.0 2.5
4  N4 C A 5.0 2.5
5 N5 A AB 5.0 2.5
Fig. 9. Voltages at bus N2 for harmonics injection between phases A and B (single-
phase capacitor bank connected).

for the same injection between phases A and B, as it is shown in
Fig. 9.

5. Conclusions

The phase-coordinates model developed for the frequency
scan is able to represent with good accuracy unbalanced net-
works which can be found in industrial, commercial and service

facilities.

The developed model for representing the single-phase trans-
former with mid-tap on the secondary winding improves the
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revious model results for harmonics injections in only one of the
econdary sections of the transformer.

The model allows the representation of three-phase and single-
hase elements as well as harmonic current injections.
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